Available online at www.sciencedirect.com
Imernationsl

SCIENCE (Cﬁ pIRECT® Journal of
rheranzl
oot >, (=2 . R
SDejaeneas
ELSEVIER International Journal of Thermal Sciences 42 (2003) 481-498 =

www.elsevier.com/locatel/ijts

Character and stability of a wind-driven supercooled water film
on an icing surface—I. Laminar heat transfer

A.R. Kare?, M. Farzanel*, E.P. Lozowsk?

& NSERC/Hydro-Québec/UQAC Industrial Chair on Atmospheric Icing of Power Network Equipment (CIGELE), Université du Québec a Chicoutimi,
555 Boulevard de I'Université, Chicoutimi, PQ, Canada G7H 2B1
b Department of Earth and Atmospheric Sciences, University of Alberta, Edmonton, AB, Canada T6G 2E3

Received 13 February 2002; accepted 18 June 2002

Abstract

The kinetics of freezing of a supercooled water film flowing on an icing surface is considered here for the case of laminar heat transfer
through the water film. The linear growth rate of crystallization (LRC) in a supercooled, laminar water film, flowing over an accreting
ice surface, is found to be characterized by unique behaviours at different length scales. The icing surface is envisaged as a semi-infinite
horizontal flat plate with vertically impinging supercooled water droplets. The water film begins to develop at the edge of the plate and
thickens while it collects impinging water as the horizontal wind stress drives it downstream. At very short distances from the Couette flow
origin, where convection prevails over conduction through the water film, the LRC reacts in a stable fashion to instantaneous changes in the
external thermodynamic parameters. The LRC accelerates or decelerates, responding to variations in the water film thickness. At intermediatt
distances from the flow origin, the LRC is independent of sudden perturbations in the water film thickness, and is determined only by the
mean external parameters that characterize the heat transfer and flow dynamics at the water film surface. At a still greater distance from the
flow origin, the LRC is unstable in a shear-driven, supercooled water film, flowing over an accreting ice surface. The instability gives rise to
either complete disappearance of the water film or a total change of the momentum and heat transfer regime.
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1. Introduction surface, and to investigate how these processes might govern
the rate of ice formation.

The traditional conceptual model of the icing process on dd d fi h
a structure embedded within a supercooled aerosol streaml'l' Wetand dry modes of ice growt

consists of two parts: — -
P The current approach to considering the icing heat bal-

ance is a macroscopic one, developed originally for the pur-
pose of aircraft icing modelling [3]. In this approach, for the
purpose of calculating the temperature of an icing surface,
the temperature of fusioff,, = 27315K, is taken as the ref-
erence point, distinguishing the solid and liquid states of wa-
ter. An examination of the heat balance relative to this refer-
ence point is accomplished by the introduction of a freezing
fraction coefficient, defined as the fraction of the impinging
aerosol mass that turns into ice. When the freezing fraction
is less than unity, the remaining unfrozen liquid is assumed
to form a water film on the icing surface, which moves un-
T Corre . der the influence of aerodynamic and gravitational forces.
orresponding author. e e e L .
E-mail addressfarzaneh@ugac.uguebec.ca (M. Farzaneh). This liquid film can play a significant role in the heat and
URL addresshttp://icevolt.ugac.uquebec.calcigele. mass transfer processes. The icing regime with such a lig-

(i) the aerodynamic theory of the flow of the aerosol
particles around the structure—[1,2], and,

(i) a thermodynamic heat balance calculation at its surface
which determines the accretion rate—[3-5].

Without denying the importance of the former, the present
work deals only with the thermodynamic aspects of the icing
process. Init, we will try to elucidate the processes at work in
a wind-sheared supercooled liquid film flowing on an icing

1290-0729/02/$ — see front mattér 2002 Editions scientifiques et médicales Elsevier SAS. Al rights reserved.
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Nomenclature

.gnl.K*b

a empirical constant (see (9)) .......

b empirical constant in the formula for linear rate
of crystallization (see (9))

A dendrite curvature ratio (see (36))

cy skin friction coefficient

Cw specific heat capacity of water . .. -kg~1.-K~1

c constant=0.6x106................. K

C. correction to the rate of displacement of the
air/water surface due to evaporation .. . .-sm

E mean transfer efficiency of the dispersed phase
from the aerosol onto the surface of the water
film

f dimensionless function in the similarity
transformation

fi interfacial friction factor

F interfacial shear stress applied to the surface of
thewaterfilm ....................... M2

g acceleration due to gravity............. .aT?

Gq ice growth rate along the-axis . . .. .... st

G, ice growth rate along the-axis ... ...... s 1

G maximum ice growthrate ............. st

h water film thickness ...................... m

heq equilibrium water film thickness, defined by
equating ¢1/dr and dyp/dr (see (41))..... m

hgy water film thickness characterizing the
interaction between gravity and viscosity,
= ((wi)lﬁW( Yy )1/3 ................ m

H d|men3|onal coefficient of heat transfer to water
film .o Wh—2.K~1

H* =Nu* dimensionless coefficient of heat transfer to
water film

kg height of the roughness elements........... m

l platelength............. ... ... ... ..., m

L; specific latent heat of freezing of water .kg—*

Pr andPr; molecular and turbulent Prandtl numbers
for water, respectively

Qouts et heat flux at the surface of the water
filM . Wh—2

Owl heat flux at the ice/water interface. . . .. W2

Rc and Ry principal and secondary radii of curvature of
the tip of an ice dendrite, respectively, . ... .. m

Re Reynolds number

T (x,y) temperature field in the supercooled water
film ..o K

T temperature of fusion of wateg 27315.... K

T turbulent heat flux, time averaged producdf
andv’ ... st

u(y) andv(y) tangential and normal components of
water film velocity .................... ol

u'v’ turbulent “shear stress”, time averaged product
ofu'andv’ ..., s 2

uw_q friction velocity at the air/water interface -8T1

dyz
dr

Greek symbols
a = 1.3282 constant arising from the similarity

A1

A

Apk

87 andsp laminar thermal and dynamic boundary laye
thicknesses, respectively ..................
= T,, — T1 supercooling at the ice/water
interface............o i K
= T,, — T> supercooling at the air/water
interface............. ... e K
=1 [0 (Ty— T)dy= f(A1. Az, h)
supercooling of the bulk water............. K

¥

ey andey eddy diffusivity of water for momentum and

heattransfer ........................ 2t
e dimensionless variable (see (29))
n dimensionless coordinate arising from the
similarity transformation (see (20))
) dimensionless temperatuae,T 7
w thermal conductivity of water . wh-1.K-1
A similarity variable = vw(%)l/2 .......... m
Va kinematic viscosity of air............. sl
Vo kinematic viscosity of water ... ........ —1
0a airdensity ..............ooiii... kg3
Oi density of the growing ice layer at the interface|
1 T I«‘mf‘?’
Ow water density . ..........c.eeiniinn... g3
T Me . $
Xw thermal diffusivity of water........... st
v stream function for components of velocity in
thewaterfilm....................... 51
Subscripts
1 ice/water planar interface
2 ands air/water interface
bk bulk
a air
crit critical
F film
FL flow
eq equilibrium
[ ice
[ laminar

liquid water content (LWC) of the air-aerosol

flow ... kap—3
tangential and normal co-ordinates in the wate
film, respectively............... .. ... 01
rate of macroscopic displacement of the
ice/water interface.................... -gnt
rate of displacement of the air/water
interface.............occoveiiiiin... gt

transformation (see (26))

inclination of the dendrites with respect to the
basal plane

=
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lin linear w water

s surface .

SH shear stress Superscript

t turbulent +, % dimensionless

uid film is typically referred to as “wet”. The “dry” regime, ing” or “bulk water supercooling”. In order to apply the lat-
when the freezing fraction equals unity, is characterized by ter term to the case of a thin supercooled water film flowing
the complete freezing of the impinging water without the on an ice surface, three variables should first be defined:
formation of a liquid film* We ignore, for now, the possibil- _ o i

ity of spongy ice formation. (i) the temperature profile in the water film,

A series of experiments with artificial hailstones grown (i) the thickness of the film, and,
under laboratory conditions simulating natural conditions, (ill) €ither the temperature of the free water surface or the

[9] and [10], has confirmed that the temperature of the wa- temperature of the ice/water interface.

ge!gln_”ln_r?_n ar;) Icing ;urface in the V‘;]et modde Is always belowl The temperature of the bulk water may then be defined as the
- IS0 servat!qn suggests the nee to propose an a"lntegral of the temperature taken over the entire water film
ternative to the traditional macroscopic approach, for distin- thickness

guishing between icing growth regimes with and without a
water film on an icing surface. The terminologies “wet” and 1 5 - Mmacroscopic considerations: Interaction of the melt
“dry” applied for this distinction in various models of ice {0 and solidification processes
accretion since the time of Schumann’s theoretical work [4],
are becoming obsolete and misleading due to advances in  The growth or melting of ice under a water film, typical
parallel fields. of icing under high liquid flux conditions, depends not
Finding an alternative to the contemporary distinction be- only on the heat exchange with the surroundings, but also
tween the two icing regimes mentioned is the first and most on the dynamical conditions in the water film. External
important aim of this work. This will be accomplished by and internal factors, such as aerodynamic and gravitational
a consideration of the kinetics of ice crystal growth, allow- forces, surface tension, etc., lead to water film motion and
ing for a finite supercoolingA1, at the ice/water interface,  therefore need to be considered. In this paper, the problem
relative to7,,. Recent interferometric measurements of the of the interaction of melt flow and solidification processes,
temperature field around ice crystals growing in supercooled which has now been investigated for over 40 years, will be
water [11] have confirmed this supercooling as a driving reformulated as groblem of laminar and turbulent heat
force for ice dendrite growth. Experimental relationships be- transfer through a thin flowing water film from the ice/water
tween the ice growth rate in the or c-axis directions and  interface to the environmenThis is the second important
the appropriate supercooling at the ice/water interface areobjective of the present paper. We will first consider briefly,
abundant in the literature. The type of function depends on however, some solutions to this problem in the closely-
the mechanism chosen to explain the displacement of therelated fields of ice physics and metallurgy.
solid/liquid interface, whether 2-D embryo nucleation, edge ~ Weertman [13], investigating different mechanisms of
or screw dislocation growth, or linear growth [12]. Choosing water transfer at the base of a glacier, showed that the
a relationship characterizing linear growth, we will demon- radius of Réthlisberger channels depends on the heat transfer
strate that theapplication of this relationship alone will regime in the water, even more than on other factors
specify the water film supercoolinghe solution will be investigated. For example, the calculated change in channel
conditioned by assuming the absence of appreciable hearadius, when the heat transfer changes from laminar to
conduction into the already-formed ice deposit on the sub- turbulent, is more than one order of magnitude. Svensson
strate, and by assuming that the ice/water interface is es-and Omstedt [14] have developed a mathematical upper
sentially isothermal. In this way, we differ with some au- ocean model, under drifting, melting ice, designed to include
thors, who consider a relationship between ice growth rate the effects of turbulence in the water and discrete roughness
and supercooling in water at some finite, but undetermined elements. The turbulence was modelled with a combination
distance from the interface, referred to as “bath supercool- 0f a low-Reynolds number model close to the ice surface
and a high-Reynolds number model at some distance from
- it. Under the conditions they considered, the turbulent flux
1 1t should be noted that a thiguasi-liquid skin of supercooled water of salinity matches the diffusive flux at a distance of 350 pm
(with a thickness of the order of a few tens of monomolecular layers) from the ice surface. For the heat flux, the matching distance

may exist on the surface of ice crystals even under conditions of strong .
supercooling (down te- —15°C) [6]; more recent treatment of the problem was about 1200 um. This suggests that both turbulent and

can be found in [7] and [8]. The physical nature of this water skin, however, diffusive fluxes may play an importantrole, even in very thin
is quite different from what we are considering here. liquid films.
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In metallurgy, the influence of the flow of the melt on the interaction of natural convection and melting processes is
morphology of a solid has been under scrutiny for several much more complex, depending on temperature and salinity
decades. For example, Cole [15] investigated the effect of factors [22]. A relation between turbulent water flow and a
thermal convective flow on the casting structure by measur- cusped ice/water interface was observed as well.
ing local temperature gradients and temperature fluctuations
in the melt. Paradoxically, the highest temperature gradient1.3. Microscopic consideration: Interaction of the melt
observed in the laminar sub-layer near the solid/liquid inter- flow and dendrite growth processes
face was associated with the smallest amplitude of temper-
ature variation. Conversely, the largest amplitude was ob-  |n contemporary theories for dendrite growth in the
served in the upper part of the turbulent thermal boundary presence of an external flow, the bulk supercooling and
layer, where the observed gradient was minimal. Vanden-the supersaturation, expressed through a combination of
bulcke and Vuillard [16] investigated the influence of natural the Stefan and Nusselt numbers of the dend6is, and
convection in the melt of an Al-Si eutectic alloy during uni- - Ny, respectively, are usually related to the Péclet numbers
directional solidification from top to bottom. Measuring the - of the dendrite, calculated for the fluid flow and dendrite
temperature gradient in the fluid and its variation in time, growth velocities,Per and Pp, respectively [23]. The
they considered four types of convection: laminar, two in- problem of dendrite growth then leads to the determination
termediate types and turbulent convection. Correspondingly, of temperature and concentration fields around the dendrite
they were able to identify four different morphological struc- nder external flow. Two problems arising should be cleared

tures in the growing alloys. o ~up here: various supercoolings used in the literature and
In metals, the temperature diffusion boundary layer is tjjted dendrite growth.

thicker than the dynamic boundary layer, while for water The entire supercooling of the melt may be considered as
the situation is opposite. Such an observation allowed ¢onsisting of three main components [24]:
Lighthill [17] to apply a velocity distribution with constant

shear for determining heat transfer in the boundary layer. (i) the difference in temperature between the solid/liquid

The solution obtained for the case of constant shear, equal interface at any point and the melt far from this
to the shear acting at the solid/liquid boundary, was found interface,Apx — Ap:

to be fairly accurate even when applied to other materials (i) the difference in temperature of the solid/liquid inter-
with thermal and dynamic boundary layers of the same face between irreversible processes (i.e., with a certain

order of magnitude. This finding supports the adequacy of  gypercooling) and reversible processes (i.e., with the
applying Couette flow for_ coup_led flow and solidification equilibrium temperature for a solid and its melt);;

processes. A strong relationship between the nature of thejjy the difference between the equilibrium temperatures of
water flow on a cooling plate and the ice shape forming an appreciably curved and a planar interface should
on this plate was revealed in the experiments carried out be considered: the curved interfaces we refer to may

by Hirata et al. [18,19]. In the case of laminar water include the tip of a dendrite or a nucleus, or a bump on
flow [18], the accreted ice shape may be represented by a the planar interface.

parabolic cylinder developing from the leading edge of the
cooling plate. In this region, characterized by accelerating

flow, the influence of free stream turbulence is maximal, tactor at low ice growth rates, controls the dissipation of
leading to a discrepancy of about 15% between theoretical | 5ant heat, while the second, which becomes comparable

and experimental data. For the region where the transition, ihe first only at a high ice growth rate, is responsible for

from laminar to turbulent flow occurs, a decrease in icé e kinetics of interface processes. The third supercooling

layer thickness is observed, caused by an increase in thecomponent, which generally remains of a lesser order of
heat transfer coefficient associated with the transition. The magnitude than the first two, is a result of the interaction

transition Reynolds number corresponding to this location of heat diffusion and capillary processes. Heat diffusion

was found to be lower than the one where ice does notys,qg 1o maximize the curvature of the interface and thus
accrete on the plate. Depending on whether the water flow yinimize the scale of the morphology, while capillary forces
remains attached or becomes separated, smooth and st 15 minimize curvature of the interface and thereby
transitions were observed, respectively. In both cases, &, .. ini-e the scale of morphology. In the case of steady
gradual increase of the ice layer thickness was observedg; growth, all three supercoolings should be constant.
in the subsequent flow in a turbulen? heat transfer regime. Following Macklin and Ryan [25], the maximum ice growth
An analogous effect was observed in channel flows [20]. ... i, quiescent wateiG,,, coinciding with the dendrite

A redu_ctlon (.Jf the transitional Reynolds number in the axis, can be written as a contribution of the growth rate along
case with an ice-covered substrate, as compared to the casg ., . _~vic G ie. in the basal plane, and along thaxis
’ ay '~y ’ ’

without ice, was also observed in the experiments where P : : ; .

' A G., i.e., in the prismatic plane, respectively:
the substrate had a cylindrical shape [21]. For a three- ¢ P P P y
component system, including salt in the flowing water, the G,, = G, cosp + G.sing (1.1

The first supercooling mentioned, which is a prevailing
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whereg is the inclination of the dendrites with respect to the thermal and mechanical effect was observed, which resulted
basal plane. It appears from a number of experiments [26]in the growth of a fibrous structure with a reduced growth
that growth in the basal plane is always faster than in the rate, even though the ratio of the temperature gradient to the
prismatic plane. It was found also, from natural observation growth rate was high enough to produce a cellular structure.
[27] and the experimental investigation [28] of ice frozen Tzavras and Wallace inferred that under highly turbulent
from flowing saline water that the-axis aligns with the  flow, travelling waves appeared in the diffusion boundary
direction of flow. Thus, in 2-D considerations of ice growth, layer.

the direction of the normal to the ice/water interface will Several significant theories of dendrite growth in the pres-
coincide the direction of the-axis of the growing dendrite.  ence of external forces were revised and experimentally ver-
The ice growth rate in this direction in quiescent watgy, ified [33] by measuring the concentration field around the

was the subject of much investigation during the sixties [26], growing dendrite. It was found that measured supersatura-
and may be expressed as a function either of bulk watertions may be predicted fairly accurately with potential or
supercooling or supercooling at the ice/water interface [29, uniform flow considerations. Tilted dendrite growth in a par-
30]: allel shear flow of the melt was numerically investigated re-
cently by phase-field simulation [34]. In spite of earlier ex-
Ga=f(Aok) OF Ga=f(A1) (-2) perimental findings, which suggested that the shape of the tip
In the case of flowing water, the first relationship should be of the dendrite is not affected by applied melt flow, while the
modified to include the velocity of the flow (1, v), as was stability parameter is considerably affected by it, this inves-
done in the experimental investigation [31]. The shape of the tigation found that melt flow increases asymmetric growth
dependence obtained: of side branches as the angle between the flow and dendrite
G = F(Abkttr) (1.3) growth direction inc_:reases. Three differe_nt growth regimes
@ bk #F ' were found according to the corresponding contribution to
is very similar to that used in the contemporary theories men- heat transfer from the tip through different processes:
tioned earlier [23], i.e.Nup = f(Stp, Per, Pp), and it may
be used preferentially for low supercoolings. The considera- (i) quasi-steady growth controlled by an undisturbed tem-
tions preventing the direct use of such a relationship were perature field, where both the Péclet numbers, men-
expounded at the end of Section 1.1. They are related to tioned earlier, are less than unity;
the introduction of two integrals taken over the water film (ii) diffusion controlled growth, where
thickness, Apk = %fc?_(Tm —T)dy, andii = %fé’_u_ dy, in max(1. Per, Pp) = Pp
the differential equation, called the Stefan condition. Here
is water film velocity distribution. A simplified solution may
be obtained, however, if prescribed profiles for both vari-

(i) flow controlled growth where convection is the prevail-
ing mechanism for heat transfer, i.e.,

ables are used, or ik is substituted forApk. Another way max(1, Per, Pp) = Per
of overcoming the problem is to assume that the relation-
shipG, = f (A1) is one of the curves of a family of similar Analogous diffusion-convection interaction and its fur-

curves for different flow rates. Then, by calculating the tem- ther consequences on the morphology of dendrites were ex-
perature and velocity fields in the film, it is always possible perimentally investigated in earlier research using Couette
to obtain a unique solutioG, = f (A1) for a prescribed dy-  flow [35]. Both primary and secondary dendrite spacing was
namic condition. This last approach is the one used in this found to be affected by the flow of the melt and thus by the
investigation. interaction between convection and diffusion processes.
Another factor to be discussed here is tilted dendrite  Recently, new experimental data have been obtained
growth, which was mentioned indirectly at the beginning concerning crystal growth velocity under conditions of
of this section. From this earlier discussion, one may “pure” forced convection, [36,37]. These experiments were
conclude that the axis of dendrites growing in the flowing conducted in such a way as to exclude the effect of thermal
melt is inclined to the ice/water interface at an angle convection on the growth rate of crystals, an effect initially
of 90° — ¢. Tzavras and Wallace [32] investigated the observed for ice [38]. All of these experiments present
symmetry of steel dendrites grown from flowing melt in evidence of the strong dependence of crystal growth on the
a furnace under unidirectional growth. They found that flow of its melt. This is the primary reason for considering
dendrites were “turned” into the flow, when the flow was a microscopic rather than a macroscopic approach to the
laminar. Under these circumstances, a partially equiaxedunderstanding of the phenomenon of icing in this paper.
columnar structure was obtained. The symmetry of the In addition, a microscopic approach makes it possible to
growing dendrites, however, was destroyed at a flow speedexamine the instability of the moving interface between the
of about 20-25 cns 1, when the flow became turbulent. In  solid (ice) and the supercooled melt (water), under fluctua-
turbulent conditions, the flow “bent” the dendrites in random tions of the thermodynamic and dynamical parameters. We
directions, which resulted in random, rounded shapes. Asstart with the supposition that the interrelated initial stabil-
the flow velocity was increased to 50 an!, a combined ity and shape of the interface might be modified by poten-
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tial changes in the coefficient of heat transfer in the water ~ We will consider one of four possible combinations of the
film. Natural icing processes always occur under conditions laminar and turbulent regimes, for parallel air—aerosol and
of varying or fluctuating thermodynamic parameters. Hence, water film flow. Specifically, we will consider laminar flow
it is important to assess the possible impact of external fluc- in each medium. The exact formulation of the regime in the
tuations, as well as any related internal instabilities, on the air—aerosol, which determines the surface temperature of the
growth of the icing interface. water film and its conditioning by the free steam turbulence,
The conclusion to be drawn from this brief review of will be the theme for future research. Here, we consider
the literature is that the dynamics of a water film flowing quasi-steady external thermodynamic conditions, with either
on an icing surface may be the key factor influencing constant heat flux or constant temperature conditions at the
the morphology and growth of the ice deposit. In this water surface. Bearing in mind that natural conditions never
paper we will attempt to confirm and elaborate upon this remain constant, we will consider how short-term changes
particular finding. An attempt will thus be made to include or fluctuations of one or several thermodynamic parameters
a microscopic heat balance analysis related to the kineticsresult in changes in the thickness of the water film, and
of crystal growth, and to elucidate its connection to the influence the rate of ice growth in supercooled flowing water.
macroscopic heat balance, taking into account the dynamics For steady, fully-developed, homogeneous flow of a thin
of melt flow. water film (i.e., independent of the-coordinate), with no
pressure gradient, the following governing equations for
x-momentum and heat transfer hold, in both laminar and

2. Formulation of the problem and principal turbulent regimes:
assumptions
d du
a—{(Vw-i-fZM)a—}:O (1)
For simplicity, we will consider a one-dimensional model Y

i i ia] 0 oT d v e oT
oficing on aflat plate, We believe, however, that the essential % {(Xw + 8H)5} — { <P_u; + #) _}
t

conclusions obtained from such a model will be applicable 9y dy dy
to more complex geometrical structures. The icing object to oT oT
be considered is located within a supercooled air-aerosol B + ”@ 2)

flow; it is supposed then that a thin water film has formed . .

on the icing surface; and that the layer lying immediately The properties of water are d‘?S'g”ated as follow_s'an_d_
adjacent to the surface of the structure has already turned® are the klneinlatlc viscosity and therma! d|fqu_|V|ty,
into ice (Fig. 1). The water film is assumed to flow under respectively (-s™); ey and ey are eddy d|ﬁui,|V|t|es
the influence of a constant shear streBs,applied to its for momentum and heat transfer, respectively gn'); Pr
surface by the air stream. The supply of water derives from and Pr,_are the molecular an_d turbulent P_randtl numbers,
two processes: the inflow of water from upstream along respechyely. Furj?ermore(y )is thg tangential compongnt
the plate, and the collection of supercooled water droplets of velocity (ms™), and T'(x, y) is the temperature in

on the surface of the water film. The loss of water is also the supercooled water film (K). In laminar flow, the eddy

due to two processes: the discharge of water downstreamd'ﬁus'v't'es are omitted. All terms containing the normal

along the plate, and its conversion into ice. The inflow and componen_t of v_elqcny m_the b(_)undary Ia_yer haye been
outflow of the water are of the same order of magnitude; Om'ttedi since It Is negllglt_)le In_comparison with the
they are, however, much greater than the droplet collection tangential component. The right-hand terms in Eq. (2) are

and solidification fluxes. which are smaller. but of the same retained in order to consider the possibility of convection far
order of magnitude as e,ach other ' from the lower boundary, and to take into account the fact

thatv, though small, is finite, while the order of magnitude
of 9T /dy is unknown.

A y Va , 5 The following momentum boundary conditions are im-
—» o +t3l0 posed at the air/water and ice/water interface, respectively:
Air o | Aerosol
T (o] 0‘: 5 :‘ + O ay y=y, PwVw
F ’:2_* - Y2 als dy, /dt Uly—y, =0 (4)
le Water y1_{pdy, [dt ( Xp. where F is the interfacial shear stress at the free surface
Ice N of the liquid film (N-m~2), and p,, is the water density
"/ //// Substrate ///////A (kg-m~3). Let us consider a constant interfacial shear stress,
for the ideal case of a fully smooth free surface without

surface waves, consistent with the absence of a pressure
Fig. 1. Schematic of a thin, supercooled water film flowing on the surface gradient in the liquid film. While not accounting for surface
of accreted ice in the “wet” regime. waves is a possible drawback of the model, it is offset to
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some degree by the considerable advantage of having ab) constant heat flux
steady-state model. Nevertheless, the enhanced shear stress
produced by the waves, should be taken into account, and oT
will be later. It is clear also that gravity may become )‘wa_
significant if the following two conditions are satisfied
simultaneously:

=) Qi = const= Qouts (6b)

y=y2 =1

where Q; denotes external heat fluxes at the surface of the
water film, while Qouts is the net surface heat flux. Both
conditions (6a) and (6b) must ultimately be specified in
terms of the external thermodynamic parameters of the air—
aerosol flow. The typical heat balance at the free surface
includes three principal terms:

(i) the water film thickness is of order of magnitude
(mm); and

(i) the direction of the film flow forms a certain angle with
the horizontal plane.

It should be noted that the influence of gravity is excluded

automatically, here, by the way the problem is formulated, () convective heat transfer to the airstream;

but that this in no way implies that gravity is negligible. (if) sensible heat of the impinging supercooled droplets;
For the heat transfer equation, in a laminar regime, the _ and,
following boundary conditions are imposed at the ice/water (iil) evaporative heat transfer.
interface: ] ] ]
9T dy1 The mass transfer equation at the air/water interface
_)ng = )OiLiE 5) explains the displacement of this interface, normal to the
y=n water film flow, due to the flux of incoming water droplets:

where p; is the density of the growing ice layer at the
interfacey; (kg-m~3); dy1/dr is the rate of displacement of dy, w-E-V,
this interface (ws~1); 7 is time (s);L; is the specific latent =
heat of freezing of water (dg—1) and x,, is the thermal
conductivity of water (Wm=1.-K~1). where d»/dr is the growth velocity of the water film surface

As stated previously, we assume that the accreted ice(m.s~1): w is the liquid water content (LWC) of the air—
layer is thick enough to disregard conduction through it. aerosol flow (kgn~3); E is the mean transfer efficiency of
Ice sponginess is also disregarded in this simplified model, the dispersed phase from the aerosol onto the surface of the
change the main conclusions of this research. Moreover, icehe mean entrainment efficiency. In all other cases, it is the
sponginess is additional evidence to support the assumption,ean collection efficiencyt, is air speed (ns~1); andC,
of an absence of heat conduction in the ice layer [39]. We (m-s~1) is a correction for the rate of displacement of the

glso ignore any longitudinal ter_n_perature gradient along the airiwater surface arising from evaporation [41].
ice §urface. Under these condltl_ons, all relegsed latent heat As stated previously, a supercoolingy, relative to the
'S dlr_ected through the waEer film to the air str,(’aam. The fusion temperature, is considered to occur at the ice/water
growing crystals behave as “roughness elements” producing. i
; . . interface:
early turbulence in the water flow [28], since their growth
velocity, in general, exceeds the rate of displacement of a
planar interface. Clearly, even in this case, turbulence is
absent in the laminar sub-layer near the ice/water interface.
It may readily be shown, however, that the tips of the ice
crystals can reach far into the buffer layer of the water
film, where the velocity distribution for the entire film
has the shape of the universal law of the wall. Such an
approach was taken by Blackmore and Lozowski [40],
for example, in connexion with their model for predicting X k
ice accretion sponginess. In the case of laminar heat and®" & microscopic scale:
momentum transfer, it is considered that roughness elements
have no effect on drag increase. In other words, the ice/water% =a-AV=a. 1)
g , a-Al=a- (T, —Ty) (9)

interface is considered to be hydraulically smooth. T

A second boundary condition for heat transfer at the
air/water interface is imposed, for the following two cases:

7 _ -C, 7
= P C (7

lez}'l = Tl = Tm - Al (8)

This supercooling is typically a fraction of°C, and, in

general, it is only partly accounted for by the Gibbs—
Thompson effect. Rather, we see it as the supercooling
at the ice/water interface, as investigated in [29,30]. It
represents the interface-attachment kinetics involved and
constitutes the motive power for ice/water interface growth

wherea (m-s~1.K~?) and b are empirical constants deter-
mined experimentally. Essentially, Eqgs. (7) and (9) describe
the mass balance, since, as stated above, the order of mag-
nitude of dy;/dr and dvo/dr is the same, unlike the order
Tly=y,=T2 (62) magnitude of the inflow and discharge of water.

(a) constanttemperature
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3. Rangesof thelaminar and turbulent flow regimes

The solution of Eqg. (1) for the laminar regime, with  —~ 8
boundary conditions (3) and (4), is a Couette linear profile: "—;_ 4

F-y o 3
u= (10) o :

PwVw o 2 7 ; 5.0 N
Integrating this profile over the film thickness, one obtains L 1 05 9 &
the mean water film velocity: (]; g e Z0.05 .\

5 0.01 0.1 1 10 <

1 F-h g
ﬁ:—/udy: (11) F (N ®m?)

h 20y Vv

0 Fig. 2. Reynolds number of a two-dimensional water filRgr, as a
Using iz, one may determine the Reynolds number of the function of the shear stress applied at its surfaceand its thickness.
water film as a function of its thicknes®Rer, or the The computations were made using a Couette laminar profile throughout,

dina R Id ber for fl . even in the laminar—turbulent transition regime, X0Rer < 400, and the
corresponding Reynolds number for flow refe : turbulent regimeRer > 400. The temperature of the surfad®, is taken

h to be —3°C. The range of air shear stress shown, computed according
1 u- Re r to the Cheremisinoff and Davis formula [44], covers an air speed range
Rep=— [udy= = 4 = (12) from 1.36 ms~1 to 32.3 ms™1, for » = 500 pm and an air temperature
Vuw Vw Mw T —_10°C
w=- .

where I' is the mass flow rate per unit of film width . .
(kg-m~1.s~1). Each of the two Reynolds numbers is distinct reasonable range of LWC in air under natural conditions

from the other as indicated by the factor 4. (w < 4 x 10°° kgm™?), the second component is always

In order to understand the results to be presented next, jt2Pout one order of magnitude lower than the first. In
would be useful to consider the classification of the liquid these calculations, however, the surface of the water film
film flow regimes. Fulford [42] recognizeRer = 270 as was assumed to be SmP_Oth’ which is not typ!cally the
the transition Reynolds number from laminar to turbulent case under natural conditions. The dominant disturbance

wave type, known asoll waves tends to appear on the
surface for conditions where the Reynolds number for the
water film, Rer, is of the order of magnitude of several
tens. Significant local surface perturbations may also be
generated by the impact of the impinging droplets. Since
even minor surface perturbation, whatever the cause, have
regimefor Rer >~ 400. Fig. 2 depicts a 3-D representation a cqnsidergble ?nf_luence on air shear stress and a}lso incr.ease
of the Reynolds number for a water film, calculated by the interfacial friction factor, the best way to relate interfacial

using (12), as a function of the water film thickness and shear stress to airspeed is experimentally. Fig. 3 presents

the interfacial shear stress applied at its surface. For the,the rela}tlonshlp betwegn the a|r.speed and the resulltlng
purpose of specifying air and liquid viscosities, the air interfacial shear stress in a two-fluid-layer flow as a function

temperature is taken to be10°C, while the water film of water film thicknesses. Calculations were performed
surface temperature is taken to b&°C, the latter being using the experimental formula proposed by Cheremisinoff

chosen as the mean of measured water film supercooling"d Davis [44], as follows:
on an icing surface [9]. One may conclude from Fig. 2, . .1 2
that, for the ranges of[ ir]1terfacial shear stress and water film /1 2P¢(Va =) (13)
thickness considered here, the water film may exhibit all where
four regimes, passing from perfectly laminar, in the lower _
left corner, to developed turbulent, in the top right corner. fi=0.008+2x10°Rer for 100< Rer <1700  (14)
In actuality, the transition to turbulent flow is likely to occur and f; is the interfacial friction factorp, is the air density
even sooner than Fig. 2 suggests, owing to the fact that the(kg-m—3); andc is the phase speed of surface wavess(th).
calculatedRer in the turbulent regime is underestimated as As in the calculation made by Cheremisinoff and Dauvis, it
a consequence of using a laminar Couette velocity profile in was reasonably assumed here thiats>> ¢ for the interval
all the regimes. covered by theRer in (14), used in the calculations. As

A few words must now be said about interfacial shear may be seen from Fig. 3, the range of shear stress values
stress on the water film surface. Shear stress consistresented in Fig. 2 corresponds to the range of natural air
of two components, one generated by the airflow and speeds during atmospheric icing. The relationship between
the other by impinging aerosol droplets. Calculations for air speed and shear stress is noticeably different, if the
icing on a cylindrical body [41] have shown that, over a skin friction coefficientc s is used instead of the interfacial

flow in the liquid film. Kutateladze [43] distinguishes four
flow regimes: astable laminar regimewhose upper limit
is defined in terms of the Archimedes numbdr, as
Rer < 2.3 x Ar0Z; alaminar-wavyregime, extending from
this limit to Rer = 100; a laminar-turbulent transition
regime for 100 < Rer < 400; and adeveloped turbulent
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105 oon r '}/’ A stresses investigatediir = 62 ms™1), and where (16)
/’ » E is used for calculation, the curve lies considerably lower.
L / i J Comparing curves 5 and 6 with the experimental curves
L v e 4 1 to 4, one may conclude that it is impossible to explain
/A relationships (13) and (14), even by considering the airflow
& 1 3 7, E to be turbulent. We can improve the agreement substantially,
e ] however, if we use the average skin friction coefficient for a
. r ] rough, flat plate [45]:
£ | =11 4 —25
L B Gp= <1 89+ 1.6210 i) (18)
0.1 b S F= AR
C —w-5 |
- -6 ] where kg is the height of the roughness elements (m).
i il 3 Curve 7 in Fig. 3, presents the results fpk, = 500. It lies
- . precisely within the experimental curves.lf 0.1 m, this
601 44 suggests that the maximum amplitude of interfacial waves,

taken to be half the roughness height, would be*id. This
A value seems quite reasonable for natural conditions [46].
Va (mes) Curve 8in Fig. 3, presents a possible limit in the relationship
Fig. 3. Surface shear stress as a function of free stream airspeed, over théjet_ween fre_e_Stream alr VeIOCIt_y an(_j the shear stress_ created
range considered in Fig. 2. The computations were made according to (13)0Y it at the air-water interface, since it concerns experimental
and (14) for water film thicknesses of: (1)= 1074 m; (2)h = 5x 10~4 m; results for airflow over a relatively deep, i.e., 0.5 m, water
(3) 1 =1073 m; (4) h = 5x 10-3 m. Each curve is computed over an  |ayer inside a wind-wave tank [47]. The relationship was
identical. range 0)‘ Watgr film Reynolds numbBer. For comparison, cor—. calculated from an empirical relationship between free-
responding relationships are presented for a flat plate [45]: (5) Schlicht- . . . 1
ing—Prandtl, plate length= 1 m, laminar-turbulent airflow, transition at stream al!‘ YeIOC'tWa{ in the raljge from 2.4 10 11 w17,
F ~0.05 N-m~2 with Re, ¢ri¢ = 5 x 10°; (6) Schlichting,l = 0.1 m, pure and the friction velocity at the air/water interfagg_,:

laminar airflow; (7) influence of roughness elemehtg; = 500; (8) air 3/2
flow over water in a wind-wave tank [47]. uy—q =0.02V, (29)

where Eq. (19) accounts for the presence of turbulence in

friction factor f;. The skin friction coefficient we refer to both air and water

is that for airflow along the surface of a smooth, solid flat

plate [45], and it takes no account of the features of the water

surface. Curves 5 and 6 in Fig. 3 present this relationship4 Results and discussion
for two flow regimes: (5) for transitional-turbulent flow over ™
a plate with a length of = 1 m; (6) for laminar flow
over a plate with a length of = 0.1 m. In the first case,
transition occurs aF &~ 0.05 Nm~2, ueit = 6.2 m-s~1, and
R@ crit =5 x 10°, where the Reynolds number for the plate To continue our investigation of the laminar regime, we

4.1. Equation for temperature distribution

is calculated according to: need to obtain the temperature distribution through the film,
V.l i.e., to solve (2) for the laminar case, using the velocity

Rg = - (15) profile calculated in (10). In order to do this, we will invoke

Va the customary similarity transformation [45] or [48], with
wherev, is the kinematic viscosity of air. the introduction of a new dimensionless coordinate:
The average skin friction coefficient for transitional flow, P\ 12

shown in curve 5, may be calculated according to two ; — _(usyZ/vwx)l/zz yl 2<_> (20)

formulae. Up to the transition point, we use the Schlichting 2 20, x 2\ py

formula for laminar flow: where, in place of the free flow velocity at infinity, we
1.328 have introduced the surface velocity (m-s~1); and # is

M= Re (16) the water film thickness (m). In order to use the similarity

transformation, we account for the fact that the normal

Beyond the transition point, we use the Prandtl-Schlichting component of velocityw, does exist, even though it is

formula: small. Hence, it will be considered in the equations for
cpi= O.O74Rq‘°'2- <1_ RQ,crit> 4 R, crit el (17) poth momentum and he_at transfer. In view of this, we hgre
' Re Re v introduce a stream function for both components of velocity:
As may be seen in curve 6, for the shorter plate, when Y Y

transition does not occur over the entire range of shear’ = @ and v= T ox (21)
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Transforming the stream function, we introduce the new

variable:
1// )1/2

rere |

(v - ug

Puw
x-F-h

f= (22)

Following these transformations, the heat transfer equation f =

(2) may be written:

d’T iy 47 _
dn?2 dp
The boundary conditions (6a) and (6b), at the air/water
interface, transform as follows:

13/2 >1/2

at
1/2
() =zl

we impose either
(a) constant temperature

0 (23)

F
Pw

Ug

n=z
VX

T=T, (24a)

or
(b) constant heat flux

n

aT 2x12.pr
_ > Qi~const forA > Ajn  (24b)
i=1

A0 cw(Fhpy)Y/2

where X = (x1 + x2)/2 is an average value of theco-
ordinate over the considered interval. The similarity variable
A and its critical value will be discussed later.

The corresponding transformed boundary conditions at
the ice/water interface, (8) and (5), may be written:
(a) constant temperature:
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Over a suitable range; to x> centered orX, however, the
heat flux may be considered to be essentially constant.
The functionf satisfying boundary condition (4) may be
expressed as an infinite series;if48]:
a—nZ _ O[2775 N 11053778 B 3750l4n11
2! 5! 8! 11
where the defined constamt= 1.3282. Bearing in mind that
the solution for the velocity distribution is a Couette linear
profile (which is, in fact, a degenerate boundary layer), we

return to this approximation by retaining only the first term
in (26):

°T  «_ LdT
a2 + 2PI‘77 ar =0
The resulting equation (27) can be readily solved analyti-
cally by substituting‘é—T = @ and then separating variables.

It should be noted that the same result can be obtained, if
the stream function is determined with both velocity com-
ponents satisfying a Couette profildz. u = (us;y/h) and

v = (vuy?/h3), whereu, plays the role of the free stream
velocity, andh the role of the degenerate boundary layer
thickness. This result was obtained by Levich [48] in solving
the convective—diffusion equation.

Eq. (27), together with boundary conditions (24) and
(25), make it possible to investigate the relationship between
the temperature profile, which arises from the heat transfer
from the growing ice/water interface, on the one hand, and
the water film thickness and the flow field, on the other. The
latter two items are related in a simple fashion through (10).
The choice of boundary conditions depends on the scale of
the conceptual model of the solidification process with a
moving boundary, and the approach used to represent the

4o (26)

(27)

n=0, T=" (25a) heat transfer from it. In other words, we need to address
_ the question of what the relationship is, at various length

(b) constant heat flux: scales, between the two driving influences typically used to
AT  2XY2.Pr.p;-L; dy; describe thg displgcemgnt of the ice/water interfage_..ln t.he

n=0, 3_n = dr (25b) macroscopic consideration, such as the Stefan solidification

Fhpy,)/? S . :
Cu(Fhpuw) problem, the driving influence is the temperature gradient

It should be noted that, since the variaplés a function  near the solid/melt interface; while, in the microscopic case
of both the original variables andy, the transformation of  of jce dendrite growth, it is the supercooling relative to the
conditions (6b) and (5) into (24b) and (25b), respectively, equilibrium temperature for a solid and its melt. As stated
requires some explanation. The original equation (2), in its earlier in Section 1.3, this supercooling may, in general, be
laminar form, along with Eq. (5a), implies that the heat decomposed into the ice/water interface supercooling and
generated by viscous dissipation can be transferred by boththe difference between the interface temperature and the
conduction and convection. As will be seen later, depending temperature of bulk melt [29], and [30]. The contribution
on the boundary conditions applied at the upper and lower of the components is completely different at various growth
surfaces of the liquid film, one may obtain cases with various rates, which, as was aptly stated in [49], may be a function
contributions of conduction and convection over different of both of them. We will first consider the simple instance
longitudinal length scales. For example, in the unnatural where the temperatures are constant at both the ice/water
situation of bi-isothermal interfaces, i.e., ice/water and air— and the air—aerosol/water interfaces, thus, drawing a parallel
aerosol/water, convection is important only near the origin with a thermal boundary layer.
along thex-axis, while it is entirely insignificant at greater
distances. This is, in part, why we use an average value,4.2. Bi-isothermal paradigm
X, instead ofx. X is also used because the constant heat
flux boundary condition in the initial coordinates becomesa A preliminary approximation of the temperature field
variable heat flux condition in the transformed coordinates. may be obtained by representing the freezing process,
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or displacement of the ice/water interface, as a constant- L LA E AR E AL LR LA LR FEAL

temperature heat source moving into the water film at
a constant velocity as calculated in Eq. (9); here, both
interfacial temperatures ai andy, are kept constant. This -
bi-isothermal model is analogous to Couette flow between 30'“
two plates at temperatureg; and 7. The temperature -

distribution, at any distance from the origin of the flow, may f 0.6 8 /i//
be found by integrating (27) twice, and then applying (24a) > ///3

and (25a) to find the constants of integration. The result is: 0.4 //
sz;l/z (Ehy1/2 % 2 /

TTTT
L1l

ow 0.2
o 3 B 1 N
T:Tl_(Tl_TZ) / eXp_EPrn dr} 0: |||;||||||||||||||||||||:
0 0 0.2 0.4 0.6 0.8 1.0 1.2
3/2 O (-
ZU};;xl/Z‘(P_I;)l/Z -1 ( )
% ex _Eprns dn (28) Fig. 4. Distribution onimension_Iess temperatie= (Tl_f T)/(T1— Tz_)
through the water film of thickness;, as a function of the sim-

ilarity parameter A = vy, (pwx/F-h)Y2: (1) A = 63 x 107> m;

(2 A=89x%x10°2m; (8) A=20x10%m; (4) A =28x 104 m;

(5) A=63x10%4m; (6) A=89x 104 m. For F =1 N-m~2 and

TWn—T o 1/3 h=5x 10~% m, the curves correspond to the following distances from

O = and ¢=mn- (—PI’) (29) the origin of the flow: (1)x = 4; (2) x =2 h; (3)x = 10 h; (4)x =20 h;
-T2 6 (5) x = 100 h and (6) = 200 h.

one may reduce (28) to the form:

By introducing the new variables

same order of magnitude, while fot = 6.29 x 1074 m

o i 3y 7 3y ! (curve 5) the contribution of convection has already become
0= / ¢ ¢ /e ¢ (30) negligible. Reaching a critical valug, = A = 8.9 x 104
0 0 m, a linear, conductive temperature profile prevails. Beyond
where this point:
l:y(%Pr)l/:S. <F,h>l/2 and A > Ajin, i(a_T> -0 (32)
2v,x1/2 Pw dx \ dy
h3/2(%Pr)1/3 F The greater the shear stress applied at the upper interface,

1/2
o 172 (—) and the thicker the water film, the longer the distance
w Puw is, over which the temperature profile is nonlinear. The
The two integrals in (30) may be solved numerically, linearization process requires some explanation. According
using data from Abramowitz and Stegun [50]. It is clear to boundary layer fundamentals, the molecular Prandtl
from (30), that the values of are confined to the range number for water,Pr, is related to the laminar thermal

0< ® <1, since: boundary layer thickness$;, and the dynamic boundary
T=T, — ©=0 and T=Tp — ©@=1 (31) layer thicknessjp, in the following way:
2
The temperature distribution between two isothermal inter- py — » ~ <5_D) (33)
faces is shown in Fig. 4, for several values of the similarity Xw or
parameter For laminar flow, the dynamic boundary layer thickness in
1/2 water is always greater than the thermal boundary layer,

PwX . . S . . Lo

A=y <ﬂ> since the kinematic viscosity exceeds the thermal diffusivity.

In turbulent flow, however, this asymmetry in the transfer
ForA=6.3x10°"mandA=89x10°m(curvesland of momentum and heat is appreciably modified, since the
2, respectively) the main temperature drop is concentratededdy diffusivities for momentum transfer,, and for heat
near the ice/water interface. The heat transfer at thesetransferey, tend to be equalized:

locations near the origin occurs mostly by convection, and ew  wv 9T/dy
the influence of conduction is negligible. Far = 2.0 x Pri=—==— -2 (34)
10~ m (correspondingté =5 x 104 m, F =1 N-m~2, en  Th' 0u/dy

andx/h = 10), the temperature gradient near the ice/water where u/v’ is turbulent “shear stress”, a time averaged
interface is almost linear, but the gradient near the free product ofu’ and v’; T’/ is turbulent heat flux, a time
surface remains low. Fan = 2.8 x 10~ m (curve 4) the averaged product of’ andv’; while m is some constant
contribution of convection and conduction are both of the close to, but never equal to unity, according to recent
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1.0 —
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experimental measurements [51]. For water, this constant

is m = 0.85. The total momentum and heat transfers will

therefore be dependent on the level of turbulence, taking into

account both viscous and turbulent terms. In fully-developed

turbulence, where viscous momentum and heat transfer may—

be disregarded, the thermal and dynamic boundary Iayers:'

tend to be of a similar thickness. In the case of transitional 2 0-1

or developing turbulence, however, these layers will not &

be the same. The adoption of a Couette linear profile (10) @

for the velocity distribution over the water film means

that the dynamic boundary layer thickness is equal to the

water film thicknessg§p = h, and remains constant over

all length scales. In contradistinction, the thickness of the 001l —— il v im0 ol i

. 0 1 10 100 1000

thermal boundary layer is not constant, but develops from xeh' ()

a minimum defined by (33), to its maximum thickness

approximately equal to the water film thickness, = /. Fig. 5. Dimensionless temperature gradiers,/dy ™, in the flowing water

Then, once the boundary layer reaches the free surface ofiim near the ice/water interface, as a function of dimensionless distance

the water film, the temperature distribution rapidly becomes from the origin of the flow. The air shear stress is constant 1

linear. N-m~2. The numbered curves correspond to water film thicknesses of:
An attempt will be made here to connect the macroscopic 23 :_=1302(ﬁg‘;1(_2)6h - _430 ‘igs(i)h = 500 pm; (4)h = 600 pm;

scale, on which the solution to (30) is found, with the - H(B)h=5x '

microscopic scale, on which ice dendrites occur, by applying

the results obtained by Kallungal and Barduhn [38]. They at the free surface (K). The bulk water supercooling men-

reported that the principal radius of curvature of the tip of an tioned earlier is, generally, not a constant, but rathgf =

ice dendrite,R¢c = O(0.1-1 um), is inversely proportional  f (A2, A1).

to the bulk supercooling: Fig. 5 presents the dimensionless temperature gradient

for Rz ~ const= 50 um, corresponding ta\px = 1.2°C,

Re =€/ (35) as a function of the dimensionless distance from the flow

where the constant i€ = 0.6 x 10°® m-K, while Apy is origin, for several values of water film thickness. A single

the Supercooling of the bulk water into which the dendrite fami|y of curves emerges, as shown in Fig_ 5, when external

grows (K). The ice dendrites observed were anisotropic, with conditions, defined by the equations for mass transfer (7)

a shape, which approximates an elliptical paraboloid having and heat transfer (24a) at the free surface, are constant. The

T

d

T
1

an aspect ratiet: case where® = 1 N-m~2 (curves 1-6) is considered here.
Ry \/? Each family of curves may be divided into three distinct
A= (R_c) =10 (36) regimes. The first is the main stem, which is conditioned by

. ] o similarity of the solution (30); here, the solutions for all film
where R is the secondary radius of the dendrite tip (M). thicknesses are superimposed. The second regime begins at
The pronounced anisotropy of ice dendrites suggests that inthe ocation where the thermal boundary layer reaches the
order to apply macroscopic results, some intermediate scalefee surface, and it is understandable that this location is a
should be chosen of an order gf magnitude of the secondarysnction of film thickness, i.e., accepted dynamic boundary
radius of the dendrite tip, (R2).“ Now that the scale forthe  |aver thickness. The third regime begins at the location
temperature field has been chosen, it is possible, taking intoy;ere the temperature gradientin the film can be represented
account (29), (35) and (36), to formulate such a field in the ¢ essentially linear.

following dimensionless form: Fig. 5 also makes it possible to understand the interaction

do piLiR2 dy1 between the growth rate of the ice/water interface and
dy* T - (Aa—Ay)  dr the thickness of the supercooled water film. The type of
piLi A2C dy1 interaction which occurs is unique to each regime. For

= —= (37) the solutions lying along the main stem, a decrease in

b - (.Az - A.l)Abk dr o the water film thickness corresponds to descent down the
In (37), the dimensionless temperature gradient is directly y5in stem, i.e., to the right and downward. This implies a

_proportion_al to the macroscopic rate of displaceme_nt of the corresponding decrease in the ice growth rate. Conversely,

ice/water interface. Herey™ = y/R; is the chosen inter- 4 increase in film thickness corresponds to ascent along

mediate scale, whileA, = T,, — T2 is the supercooling  the main stem, and hence the ice growth rate increases.
In other words, the ice/water interface responds in a stable

2 An investigation on the smallest scalg®-) will be the theme of a fashion to sudden changes in the water film thickness. If the
future paper. change in water film thickness or the distance from the flow
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origin is sufficiently large, it is possible to reach the second Tl - T2 >> Tm - Tl
part of the similarity solution. Here, the ice growth rate is
unaffected by sudden changes in the water film thickness. A

In Fig. 5, this corresponds to displacement to the left or to y
the right with a constant dimensionless temperature gradienth, S
de/dy™*. Finally, at the location specified by (32), the third eq
and most important regime is reached. Here, the reaction

of the ice/water interface to changes in the water film

thickness is unstable. A decrease in the water film thickness,

corresponding to displacement to the right and upward along eq n

the branches of the similarity stem, is accompanied by @ATldy)
an increase in the ice growth rate. Increased ice growth b*<
will, in turn, further diminish the water film thickness vy | | (A7/dy), _
until it disappears completely. On the other hand, a sudden €q dv./d (dT/dJ’)h'>
increase in the water film thickness is accompanied by a yl T Beq
decrease in the ice growth rate. In Fig. 5, this corresponds _|/\|_

=

to displacement to the left and downward along the linear
branches. Since condition (32) can readily be achieved, it is T || T

reasonable to consider a linear temperature profile for the T, )" T T
most frequent, naturally occurring cases.

T K)

Fig. 6. Schematic of the linear temperature profile, for three different water
4.3. Linear temperature distribution with close-to-constant fiim thicknesses near a given equilibrium state. An increase in thickness
surface temperature reduces the temperature gradient ngarand, as a consequence, the growth

rate at the ice/water interface diminishes. Hence, the water film thickness

Kachurin [52] was the first to conclude that the laminar continues to increase. Conversely, a decrease in thickness enhances the
growth rate at the ice/water interface, since it steepens the temperature

regime of a Sh_ear'.d”ven' SuDe.rCOOIed water film, f!OW'ng gradient. In this event, the water film disappears rapidly. Consequently,
over an accreting-ice surface, is unstable at a sufficiently an equilibrium state with a linear temperature gradient over the entire film
large distance from the flow origin. Our further examination thickness is unstable.
of this instability will be based on his considerations. For this
purpose, a hypothetical equilibrium state is now proposed, v = 1/b

. . . —1b - WE
where water film thickness and ice growth rate are constant, X [Tm —Tr—a Y. <7 — Ce) } (42)
and the temperatures of the ice/water interface and the water Pw
film surface arel; and T3, respectively (Fig. 6). Here, the  Let us nowimagine that the water film thickness changes due
linear temperature gradient through the film, which governs to some sudden disturbance at the ice/water interface. The

the ice growth rate, may be written simply: temperature gradient through the film thickness also changes
aT T,—T, (Fig. 6), as does the temperature at the ice/water interface.
= (38) Let us assume, however, that all the external thermodynamic

ay |, — . . )
Y = yz. - o parameters remain constant. We wish to find out how
Inserting (38) into (5) and taking into account (7) and (9), the ice/water interface reacts to the modified water film

one obtains: thickness, after the initial disturbance has been removed.
. dys N Ty — T, + a—l/b(%)l/b 0 (39) The temperature changes occurring at the ice/water interface
piLi—* - _ o ; X .
ibi- Y Ve wE pw—Co) -7 — 1 are negligible in comparison with the temperature difference

_ _ between the ice/water and water/aerosol interfaces. Hence,
Assuming all external thermodynamic parameters to be by substitution of (41) into (39), one obtains:

constant, (39) is differentiated to obtain the acceleration of
the ice/water interface 2d1 /dr?, taking (7) into account: dyr/dz_ dyi/dr _ heq (42)

d?y1 dy1/dr(dy2/dr —dys/dr) (40) (dy1/d0)eq d}.)Z/dt g
dr2 (2 — yDI1+ 7 (%)(1_,])/17] From a comparison of (40) ar_1d (42), one may conclude that,
O2=y1)  pili*de if the instantaneous water film thickness is less than the
The equilibrium water film thickness may be found by equilibrium water film thickness, the rate of displacement
equating the acceleration to zero. This occurs wherdr of the ice/water interface exceeds the corresponding equilib-
equals gz/dr: rium velocity, and it will continue to increase until the water
film has completely disappeared (Fig. 7). Similar unstable
behavior of the ice/water interface may be observed if the
— A water film thickness exceeds the equilibrium thickness cal-

pi-Li- (Vaﬁ;—;‘)’E —C,) culated by (41). In such a case, the rate of displacement of

heq = (y2— )’l)eq
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falling liquid film, H (W-m~2.K-1) and H™, respectively,
are defined as follows:
H= Owl

(T2 —T1)
H Nu Nu
Ao & h/hgy  h*

T T TTITIm
(WA,

(44)

A
T T TTITm
N

Ht = Nu*
where Qwi (W-m~2) is the heat transfer flux from the
wall, Nu is the Nusselt number for a water film having
a thicknessh; while Nu* is the Nusselt number for a
water film having a relative thickne#$ = h/hg,. Actually,
for the definition of heat transfer coefficient, the surface
4 ] f the filmT>, is used here, since it invok
-7 Lol Lol Lol R tempe,ratureo the ImTZ, IS use_ er.e,.§|nce| Invokes
0.01 0.1 1 10 100 experimental data presented by this definition. An analogous
T (s) heat transfer coefficient based on the temperature of bulk
water, Thk, may be defined whefp is altered toTpk. In the
Fig. 7. Displacement of the ice/water interface, in the laminar regime experimental investigation [53], the common experimental

of water film flow, as a function of time under various conditions: data from this area of heat transfer were presented as
(1) equlibrium displacement of the ice/water interfackeq(= 317 pm, p

T T TTTT
Lo L

B

w=12gm3; V=15 ms1); (2) displacement of the free surface; follows:
(3) displacement of the ice/water interface with an initial water film -1/3 _0.646
thicknesshg = 250 um; (4) displacement of the ice/water interface with H" = 1'76Rq:L for RerL < 246CPr (45)
an initial water film thicknes&g = 350 pm. Ht =323 1072Rq1:/5pr0.344
=3. A
for 246(Pr~2646 < Re < 1600 (46)
+ _ —3 £2/3p0.344
the ice/water interface will be less than the corresponding H™=102x10 Ré'— Pr
equilibrium velocity, and it will continue to decrease until  for 1600< Rer. < 3200 (47)
the water film flow becomes turbulent. Ht =871x 10*3Ré{_5pr0~344
for 3200< Re-L (48)

4.4. Natural temperature distribution through a water film:

Randomly oscillating surface temperature These correlations, however, do not distinguish between all

laminar and turbulent regimes of water film flow. Only (45)
is applicable to the laminar regime where all of the heat
In the previous two sections it was shown that the laminar transferred from the heating surface is removed from the
supercooled water film flowing on the accreting ice surface film surface. In the case where all of the heat is absorbed
is unstable under conditions of constant water-film surface completely by the film, this relation transforms into:
temperature. The following will be an attempt to prove that + _1/3
this conclusion applies to natural laminar water films as well. H" =2.27Rg; (45a)
Experimental data on heat transfer to liquid films flowing on  which is valid for approximately the same range of Reynolds
a heated surface will be used to demonstrate this corollary.numbers as in the original formula. With reference to the
The most frequent data recorded in this area concern the heatlassification of the flow regimes of a liquid film as presented
transfer to freely-falling liquid films. These data, therefore, in Section 3, it is also possible to present the heat transfer
should be considered as a basis for further examination ofacross the flowing film for the four regimes mentioned in that
the stability of the water film and for subsequent application section. Since the original empirical relations investigated
to shear driven water films. In order to present the local and compiled by Kutateladze [43] are expressed by using
heat transfer coefficient in its dimensionless form, it would the Reynolds number constructed for the film thickness, they
be useful to introduce several definitions from this area. may be expressed in a form similar to the one used in (45)
The linear characteristic of the interaction between gravity through (48), bearing in mind the relationship between the
and viscosity is the water film thickneskg,, defined as  two Reynolds numbers, i.e., Eqg. (12). In tstable laminar

follows [43]: regime (or the asymptotical extension of the Nusselt film
concept), the ratio between integral heat transfer and heat
vZow  \Y3 L (v2\Y3 conductivity in the vicinity of the solid/liquid interface, i.e.,
o = <m) = (?) (43) the Nusselt number, is constant:

- +— ~1/3
where g is acceleration due to gravity. Both dimensional NU=1875 or H™ =2064Rg
and dimensionless heat transfer coefficients for a freely- for ReL < 9.2Arg-2§ 315 (49)
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The water film thickness in this regime may be defined from: 25 Fo T P R
h* = 0.908Re/? (50) ool L
It may be concluded from the last two expressions that L / ]
the dimensional coefficient of heat transfer between the ,7,,1,5: 75 .
solid/liquid interface and the liquid, in this regime, is ~ | . // ]
inversely proportional to the water film thickne&s~ 11, * o, 4% .
In a wavy-laminar regimge the relationship between r % ‘/' ]
the dimensionless heat transfer coefficient and both the B > ! ]
Reynolds numbers for the film and flow may be written as 0.5 w ]
follows: B ==z ]
0.28 0.28 0_ O I I 11 N T I 1 N 0111 AN I 011 N O M W A1 11 B} Lol
HT =Nu*=11Re."*° = 1.62Re" 0 1 2 3 4 5 6
for 31.5 < Re:. < 400 (51) log Re;, ()

The corresponding expression for water film thickness may Fig. 8. Dimensionless heat transfer coefficient for various flow regimes
be written as follows: according to several authors: (1) formulas (45)—(48) [53]; (2) formulas (49),

(51), (53) and (55) [43].
h* =0.817TRe, (52)

From (51) and (52), one may observe that the inverse Will be seen in the accompanying paper [54], this value is
proportionality between dimensional heat transfer efficiency fairly close to the analogous value for transition, obtained
and water film thickness weakens in this regime: from S|Ight|y different theoretical considerations. From an
028 ,-056 examination of Fig. 8, it may be concluded that the heat

H ~Nu/h~Re""~h transfer coefficient is always proportional to some power
of the water film thicknes¢! ~ h". For laminar regimes,
it is an inverse proportionality, while for turbulent regimes,
it is a direct proportionality. In order to present the results of
experiments in the area of heat transfer to freely-falling films
in dimensionless form, a multiplication factor is usgg. In
for 400< Re-| < 1600 (53) Appendix A, it is shown that this universal multiplication
7" = 0.131R&S (54) factor may be employed for shear-driven films as well.

- L Using definition (29) for substitution in (44), while taking
It may be concluded here, that the relationship between into account the scaling in the-direction proposed by (35)
dimensional heat transfer and water film thickness has and (36), for the first laminar regime defined by (49), one
changed radically from inverse to direct proportionality: may obtain:

In the laminar-turbulent transition regimethe heat transfer
coefficient and water film thickness may be defined from the
following expressions:

HT =2727x 10 °Rg18pro4

H ~ Rek18~ p" wheren = 1.97, since the velocity profile 4© puv2 AZC\ Y32
is no longer linear. — = 2.064( 2w >
In the fourth developed turbulenegime, the relationship dy 2F Apk hgy

2/3

between heat transfer and the Reynolds number for flow, i.e.,
water film thickness, weakens to:

Co (Abk)h+_ (57)
This equation is an analogue of (37). It may be seen, that the

H* =0.075Re{°Pr%* forRe:. > 1600-2000  (55)  temperature gradientis, indeed, inversely proportional to the
. 7/12 water film thickness. When water film thickness decreases,
h* =0.138Rg (56) the gradient increases andce versa The dependence,

In its dimensional form, the relationship between the heat however, is slightly different from that proposed in Section

transfer coefficient and the water film thickness also weak- 4.3 by taking a linear approximation with a nearly-constant

ens toH ~ 19286, surface temperature. Defining the equilibrium state of the
Fig. 8 presents both series of data mentioned, i.e., water film, which is obtained by equating (7) to (9), and

that described in (45)—(48) and [53], and that described performing the same procedure, as in the section mentioned,

in (49), (51), (53) and (55) [43], revealing that there is One obtains the following equation as an analogue of (42):

a satischtory amount of cgincidence betwe(_en them. The dy1/dr dyi/dt Ap—Aq hﬁ{f’

boundaries of the regimes in the second series are altered(d Jdo) =3 /d =73 (As—AD)

slightly in order to avoid any discontinuity in the values -/ °cea  D2/80 27 Sleq .

of the heat transfer coefficient. In particular, the transition Another equivalent of this law for the first laminar regime

(58)

from the wavy-laminarto the laminar-turbulent transition
regime in spite of the boundary suggested by (53), occurs
in Fig. 8 at a Reynolds number d®g ¢rit = 883. As

may be defined as follows:

Ar— A
(#) = const (59)
eq

h2/3
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This relationship changes just slightly for the second lami- considered as it relates to disturbances of the external
nar regime. As may be supposed from the relationships pre-thermodynamic parameters, using the ice—water system
sented, the heat transfer in turbulent regimes displays con-as an example. The reaction of the ice crystallization
trary behaviour to that described in this section. front to disturbances of the thermodynamic parameters was
especially examined here in connection with laminar flow
and heat transfer through the liquid film. In the laminar
5. Factorscausing disturbancesin crystallization regime, where the heat transfer from the crystallization
front is conditioned only by the adjoining temperature

Several factors, which can produce sudden disturbanceggradient, the reaction of the interface to disturbances of
in the crystallization process, will be discussed here. Any the thermodynamic parameters is always unstable, resulting
disturbance near the crystallization front can be initiated in corresponding changes in film thickness—either a rapid
by local thermal heterogeneity produced by either the disappearance of the film, or a rapid thickening of the film
crystallization front itself or by external influences at the free until it reaches a stable turbulent regime. As will be seen in
surface of the water film or by the joint influence both of the accompanying paper [54], the reaction of the ice/water
these factors. interface to sudden disturbances in the water film thickness

Free convection and the mechanical discontinuity of the becomes entirely differentin turbulent flow.
solid phase may be counted among factors in the first group,
which is conditioned by the processes of diffusion and ad-
sorption of dissolved gases, minerals, ions and macroscopicAcknowledgements
solid particles at the ice—water boundary. This results in the
formation of a layer of heightened concentration near the  This study was accomplished within the framework of the
moving phase boundary. Several thermo-electrical or elec- NSERC/Hydro—Quebec Industrial Chair on Atmospheric
trochemical effects as well as diffusion and other processeslcing of Power Network Equipment (CIGELE) at the Uni-
may be considered consequences of the existence of thig/ersity of Quebec in Chicoutimi, in collaboration with the
layer. Each of them is a potential source of disturbances aticing group in the Department of Earth and Atmospheric Sci-
the crystallization front. Another source of local disturbance ences at the University of Alberta. The authors would like
at the ice/water interface is the process of the deposition ofto thank the associates of the CIGELE and an NSERC dis-
admixtures rejected during ice layer formation. This is a re- covery grant (EPL) for financial support. We are also most
sult of pre-existing hollowness in the crystallographic struc- grateful to M.L. Sinclair for editorial assistance.
ture of ice [55], and the isolation of gases and salt crystals
in the water. The capture of entire foreign particles by the ) )
ice may be considered as a special source of local temper/PPendix A. Analogy between shear-driven and
ature disturbance at the crystallization front. This is called 9ravity-driven films
non-equilibrium captureand is conditioned by macroscopic
defects in the ice structure.

The factors influencing the surface of the flowing water
film may be called external factors due to their indirect
influence on the stability of the ice/water interface. Here
we need to distinguish thermodynamic from mechanical 12 F3/2 _3F Al
factors, as they are related to the bombardment of the film ”*¢ = 2372 uy2PRe? h (A1)

surface by supercooled water droplets, and theirsubsequenth the final simplified relationshin in (A.1) betw th
spreading. Capillary wave formation may be the most \tN e(rje_ﬁ € |tna St'_mp' N realonsbtlp_ln((jf. ) l‘? eer €
important mechanism in this group, giving rise to local wo difierent motive powers was obtaned for a linear fami-

disturbances in the temperature gradient near the film nar.Cou.ette profile. I_3ysubstitution c.)f(A.'l) in (43), one may
surface as a result of wave propagation and differential d_efme_, in anal_ogy Wittkg, , the following linear <_:hara_cter|s-
evaporation. The genesis of microbursts upstream of thell fpr mteraguon b_etween shee.1r stress and viscokigy,.,
crests [56], as well as roughness of the ice/water int(::rfacehavIng the dimension of length:

[28], may be factors promoting the early onset of turbulence p3Re \ Y8 [v2p,h\ 3
in the film. SHVZUW( 18F3 ) =( 3F )

where the second expression in (A.2) is obtained for laminar
flow. Correspondingly, the relationship between the two
characteristics, eliminating viscosity, may be defined, using
the dimensionless numbe¥sy , as:

In the accompanying paper [54], the relation between
freely-falling and shear-driven films is investigated. The
following connection between two different motive powers
for flow is found:

(A.2)

6. Conclusions

The thermodynamic and morphological stability of the
crystallization front (i.e., the interface between solid and v2p3Rer g2\ Y8 [ puhg\ Y3
liquid) under a wind-driven, flowing melt film has been NsHg= <718F3 ) = (—3F ) (A-3)
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Again, the last expression in (A.3) is obtained for the laminar flow—I. Laminar regime, Internat. J. Heat Mass Transfer 22 (1979)
case. This relationship may be used as a multiplication fac- ~ 1425-1433. _ '

tor, for transformation from the dimensionless heat transfer [19] T- Hirata, R.R. Gilpin, K.C. Cheng, The steady state ice layer profile
coefficient for gravity-driven fiImsH+ presented in Fig. 8 on a constant temperature plate in a forced convection flow—II. The

= k transition and turbulent regimes, Internat. J. Heat Mass Transfer 22
to the analogous heat transfer coefficient for shear-driven  (1979) 1435-1443.

films, ngH: [20] B. Weigand, H. Beer, Ice-formation phenomena for water flow inside
T L a cooled parallel plate channel: An experimental and theoretical
HSH = H" NsHg (A.4) investigation of wavy ice layer, Internat. J. Heat Mass Transfer 36

(1993) 685-693.

Performlng this transformation, for example’ for (44)' one [21] K.C. Cheng, H. Inaba, R.R. Gilpin, An experimental investigation of

may obtain: ice formation around an isothermally cooled cylinder in crossflow,
2 2 1/3 J. Heat Transfer 103 (1981) 733-738.

HY =206 VwPuw8 (A.5) [22] E. Josberger, S. Martin, A laboratory and theoretical study of the

SH 6F2h boundary layer adjacent to a vertical melting ice wall in salt water,

.. . J. Fluid Mech. 111 (1981) 439-473.
The characteristic length (A.2) for this heat transfer coef- [23] M. Kind, W.N. Gill, R. Ananth, The growth of ice dendrites under

fICIeﬂt, hOWeVer, |S I’]Ot COI"IStant, as II"I the case Of a graVIty- mixed convection Conditions' Chem. Engrg Comm. 55 (1987) 295—
driven film, since it is dependent on the water film thickness. 312.
[24] B. Chalmers, Principles of Solidification, Robert E. Krieger Publishing
Company, Malabar, FL, 1982.

[25] W.C. Macklin, B.F. Ryan, Growth velocities of ice in supercooled

water and aqueous solutions, Philos. Mag. 17 (1968) 83-87.
[26] H.R. Pruppacher, J.D. Klett, Microphysics of Clouds and Precipita-
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